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An axiomatic construction of an almost
full embedding of the category of
graphs into the category of R-objects
Ru¨diger Go¨bel and Adam J. Przez´dziecki
Abstract
We construct embeddings G of the category of graphs into categories of R-
modules over a commutative ring R which are almost full in the sense that the
maps induced by the functoriality of G
R[HomGraphs(X,Y )] −→ HomR(GX,GY )
are isomorphisms. The symbol R[S] above denotes the free R-module with the
basis S. This implies that, for any cotorsion-free ring R, the categories of R-
modules are not less complicated than the category of graphs. A similar em-
bedding of graphs into the category of vector spaces with four distinguished
subspaces (over any field, e.g. F2 = {0, 1}) is obtained.
1 Introduction
For all commutative, cotorsion-free rings R we construct embeddings G of the category
of graphs into categories of R-modules which are almost full in the sense that the maps
induced by the functoriality of G
R[HomGraphs(X, Y )] −→ HomR(GX,GY ) (1.1)
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are isomorphisms. The symbol R[S] above denotes the free R-module with the basis S.
This notation is chosen so as to correspond to the one used for group rings – when the
category has only one object ∗ and Hom(∗, ∗) is the group, then Z[Hom(∗, ∗)] is the
group ring. A similar embedding of graphs into the category of vector spaces with four
distinguished subspaces (over any field, e.g. F2 = {0, 1}) is derived in Corollary 4.14.
The rings act on modules from the right and the functions act on their arguments from
the right. The graphs are always directed, without multiple edges.
The functor G is obtained as a κ-directed colimit. We need the ℵ1-directedness
in order to (1.1) be an isomorphism. The higher directedness may be used to obtain
additional properties of the values of G like ℵn-freeness, see Corollary 4.11.
Some parts of the construction depend on the ring R while other parts do not. The
ring independent part of the proof consists of Section 2, where we formulate axioms,
and of Section 3, which derives the existence of the embedding from these axioms
(Main Theorem 3.16). For technical reasons it is convenient to formulate the axioms
in a more general setting of R-objects. The ring dependent part, Section 4, consists on
a verification of the axioms in several categories of R-objects.
The category of graphs is, up to set theoretic considerations, universal among the
concrete categories, that is every other concrete category fully embeds into it [21]. In
fact, most interesting concrete categories are accessible and therefore fully embed into
Graphs without any set theoretic difficulties [1]. This motivated a research aimed at
finding which categories admit a subcategory isomorphic to Graphs. These include,
for example, the category of semigroups – Hedrl´ın and Lambek [8], the category of
integral domains – Fried and Sichler [6]. Many interesting categories, though, have no
such subcategories for trivial reasons like the existence of constant maps in the category
of spaces, conjugation or addition in the category of groups or abelian groups. As a
result this research was naturally extended into almost full embeddings. There exist
full embeddings of Graphs, up to constant maps, into metric spaces – Trnkova´ [25],
paracompact spaces – Koubek [17]; up to null-homotopic maps – into the unpointed
homotopy category and up to trivial homomorphisms and conjugation in the target –
into the category of groups [19]. An almost full embedding, in the sense adopted in this
paper, into the category of abelian groups (that is Z-modules) was recently constructed
in [20], our work is a wide generalization of that result.
The term almost full embedding was introduced in the seventies of the past century
by Koubek [17], who gave a convenient name (and approach) to a concept introduced
two years earlier by Trnkova´ [25]. Their definition stated that an embedding was almost
full if it was full up to constant morphisms (the target category was assumed to be
concrete). Since the “Prague school” used this term only when the target category was
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some subcategory of Topological Spaces – it was clear that the “metadefinition” was:
an embedding is almost full if it is full up to “obvious sacrifices” imposed by the target
category. In this broader sense the term was used in [19] and [20]. In this paper the
target category is R-Modules, possibly with some additional structure. Therefore the
metadefinition specifies to: an embedding into R-Mod is almost full if every morphism
in the target is an R-linear combination of morphisms coming from the source.
2 The axioms
Here we list the axioms which will be used in Section 3 to prove Main Theorem 3.16.
The list is divided into two groups: Axioms of type A describe a category of R-objects
RC. A similar one is called a pre-module R-category in [11]. Axioms of type B describe
certain object M , which we assume exists in RC.
Convention. Throughout the paper:
• R is a commutative ring with 1 6= 0
• κ is a fixed cardinal of uncountable cofinality
The description of RC:
A1 RC is an R-category: for A,B ∈ RC the HomR(A,B) have a natural structure of
an R-module and the composition is bilinear.
A2 RC is preabelian (hence kernels and cokernels exist).
A3 Arbitrary direct sums (hence colimits) exist in RC.
A4 RC is concrete in such a way that:
(i) The underlying set functor preserves directed colimits.
(ii) Monomorphisms in RC are one-to-one on the underlying sets.
The categories RC, satisfying the axioms A1 – A4, which we consider in this pa-
per are: the category of R-modules and the category R4-Mod of R-modules with 4
distinguished submodules, see Definition 4.12.
Let Γ denote a full subcategory of the category of graphs containing one repre-
sentative for each isomorphism class of graphs of cardinality less than κ. Let A be a
free R-module whose basis consists of the morphisms of Γ and 1. We equip A with a
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structure of an R-algebra by declaring that the basis elements multiply by composition
or, if not composable, their product is zero. This multiplication is extended to all of
A by R-linearity, the elements of R commute with the elements of Γ. In particular
morphisms of Γ may be viewed as elements of the algebra A.
There exists an object M in RC such that:
B1 A ∼= HomR(M,M), in particular we may view M as a right A-object.
B2 A ⊆M as the A-objects, and for all ϕ ∈ Γ we have Aϕ = A ∩Mϕ (Γ-purity).
B3 If ϕ : C −→ D a monomorphism in Γ, then the composition M idC ⊆M
ϕ
−→ M
is a monomorphism.
Remark 2.1. Since A has the identity element, Axioms B1 and B2 imply that two
R-endomorphisms of M coincide if their restrictions to A coincide.
3 The axiomatic proof of the almost full embedding
This section proves Main Theorem 3.16. It is an adaptation of [20, Section 3] to the
axiomatic setting, introduced in Section 2 above. Following a convention adopted in
most of the related literature ([1], [21], and others), a graph is a directed graph, that
is a set X endowed with a binary relation E ⊆ X × X . A morphism of graphs is a
function f : X → X ′ preserving the relation. The members of X are called vertices
and the members of E are called edges.
Remark 3.1. Let idX : X −→ X be the identity map. If X is in Γ, then idX is an
idempotent of A ∼= HomR(M,M). Since we work in an additive category with kernels,
[18, Proposition 18.5] implies that we have M ∼= M idX ⊕M(1 − idX).
Definition 3.2. (a) For X in Γ we define GX = M idX . If ϕ : X −→ Y is a map
in Γ, then ϕ idY = ϕ, hence M idX ϕ ⊆M idY , and therefore ϕ induces, via right
multiplication, an R-homomorphism GX −→ GY . Thus G is a functor from Γ
to the category RC.
(b) If X is an arbitrary graph, then we define
GX = colim
c∈Γ↓X
Gc
where Γ ↓ X is the category of maps c : C −→ X with C in Γ and Gc is defined
as GC. We may view this as an extension of (a) since for X in Γ the category
Γ ↓ X contains a terminal object idX .
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Remark 3.3. For an arbitrary graph X we have
GX = colim
C∈[X]<κ
GC. (3.4)
Where [X ]<κ denotes the category of inclusions whose objects are subgraphs C ⊆ X
whose cardinality is less than κ. This is clear since [X ]<κ is isomorphic to a cofinal
subcategory of Γ ↓ X . A map f : X −→ Y induces, by taking images, a map
[X ]<κ −→ [Y ]<κ, which in turn induces a map Gf : GX −→ GY of colimits.
Remark 3.5. The main reason we need to include infinite subgraphs in [X ]<κ is that
we want this poset to be countably directed to apply Lemma 3.15 in the proof of
Theorem 3.16, hence the assumption that κ > ℵ0. All statements of this section except
Lemma 3.15 and Theorem 3.16 hold when we take κ = ℵ0. Considering κ > ℵ1 may be
useful to obtain additional properties of the values of the functor G, see Corollary 4.11.
Remark 3.6. Let X be in Γ. Let ΓX denote the set of maps σ : C −→ X in Γ whose
target is X . It is a subset of the morphisms of Γ hence a subset of the basis of A viewed
as an R-module. In the decomposition M ∼= M idX ⊕M(1− idX), noted in Remark 3.1,
we have, by Axiom B2, ΓX ⊆ M idX ∼= GX , and the complement of ΓX in MorΓ is
naturally bijective to a subset of M(1 − idX).
Lemma 3.7. If ϕ : X −→ Y is one-to-one, then so is Gϕ : GX −→ GY .
Proof. The case when ϕ is in Γ follows immediately from Axiom B3 and the definition
of GX .
Since [X ]<κ is a category of inclusions, the previous paragraph implies that (3.4)
is a directed colimit of inclusions and therefore, by Axiom A4, we have GC ⊆ GX for
every C ⊆ X with |C| < κ. For any x 6= y in GX , there exists a C ⊆ X , |C| < κ such
than x and y belong to GC. Then GC is mapped isomorphically to G(Cϕ) and, since
analogously G(Cϕ) ⊆ GY , we obtain (x)Gϕ 6= (y)Gϕ.
Lemma 3.8. Every R-homomorphism h : GX −→ GY with X and Y in Γ can be
uniquely represented as right multiplication by an a ∈ A. The element a is of the form
a =
∑
i∈I σiki, where ki are nonzero elements of R, σi : X −→ Y are distinct maps in
Γ, and I is finite.
Proof. Let α : M −→ M be the composition M
(−)·idX
−−→ GX
h
−→ GY ⊆ M . Axiom B1
implies that (x)α = xa for all x ∈ M and some a in A. By the definition of A we have a
unique representation a =
∑
i∈I σiki where ki ∈ R, σi : Xi −→ Yi are distinct maps in
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Γ (or the identity), and I is finite. Remark 2.1 allows us to restrict α to α′ : A −→ A.
Since α′ = idX α
′ idY we see that Xi = X and Yi = Y for i ∈ I, and the σi above can
not be equal to the identity of A.
The following two lemmas are tautological thanks to Axioms B1 and B2.
Lemma 3.9. For any R-homomorphism h : GX −→ GY with X and Y in Γ, if
(idX)h = {0}, then h = 0.
Proof. Lemma 3.8 yields an a =
∑
i∈I σiki such that (x)h = xa where x ∈ GX , and
σi : X −→ Y are distinct maps in Γ. Then (idX)h = idX
∑
σiki =
∑
σiki ∈ GY . The
assumption that (idX)h = 0 and Axiom B2 imply ki = 0 for all i and therefore a = 0
and h = 0.
Lemma 3.10. Let X, Y,W be graphs in Γ, ϕ : X −→ Y a monomorphism and h :
GW −→ GY an R-homomorphism. If (idW )h ∈ (GX)Gϕ, then h factors through
(GX)Gϕ, i.e. there exists an h˜ : GW −→ GX with h˜(Gϕ) = h.
Remark 3.11. From the proof we obtain τj : W −→ X in Γ and kj ∈ R such that
h =
∑
kjτjϕ and h˜ =
∑
kjτj . The lemma can be illustrated by the following diagram
{idW} //
⊆
GX
Gϕ

GW
h //
h˜
;;✈
✈
✈
✈
✈
GY
Proof. There exists u ∈ GX such that (idW )h = (u)Gϕ. Lemma 3.8 implies that
(idW )h =
∑
σiki ∈ GY for some ki ∈ R and maps σi : W −→ Y in Γ. In particular
we have uϕ = (u)Gϕ =
∑
σiki ∈ GY ∩ A. The injectivity of Gϕ, which we have by
Lemma 3.7, and Axiom B2 implies that u ∈ GX ∩A, thus u is of the form
∑
τjnj for
some nj ∈ R and maps τj in Γ. We obtain∑
i∈I
σiki =
∑
j∈J
τjϕnj
and therefore, by R-linear independence, we have a bijection t : I −→ J such that
ki = n(i)t and σi = τ(i)tϕ. Since ϕ is a monomorphism the τ(i)t’s are uniquely determined
by σi’s and both triangles in Diagram 3.11 commute.
Lemma 3.12. Let h : GX −→ GY be an R-homomorphism with |X| < κ. If C ⊆ Y
is a subgraph such that |C| < κ and (idX)h ∈ GC ⊆ GY , then h factors through
GC ⊆ GY .
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Proof. Fix a subgraph D such that C ⊆ D ⊆ Y and |D| < κ. Let D∗ be the full
graph with the same vertices as D and all possible edges. Thus there is some extension
δ : Y −→ D∗ of the inclusion D ⊆ D∗ to Y . We may put these into the following
diagram.
{idX} //
⊆
GC ⊆ GD ⊆
⊆
❋❋
❋
""❋
❋❋
GY
Gδ

GX
h′
//
h
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
h˜′
;;✇
✇
✇
✇
✇
GD∗
The top line, the left vertical inclusion and the h are given by assumptions. The
right vertical map Gδ : GY −→ GD∗ is induced by δ. The homomorphism h
′ is the
composition of h and this extension Gδ. Thus ((idX)h)Gδ ∈ (GD)Gδ.
Lemma 3.10 applied to h′, X asW and the inclusion C ⊆ D∗ as the monomorphism
ϕ, gives us the dashed homomorphism h˜′. The central trapezoid commutes. Thus h′
factors through h˜′. Lemma 3.9 implies that h˜′ does not depend on the choice of D: it
is uniquely determined by its value on idX . If h 6= h˜
′, then for some x ∈ GX we have
(x)h 6= (x)h˜′. Axiom A4(i) allows us to choose D so that (x)h ∈ GD and we obtain a
contradiction as (x)h = (x)h˜′ in GD ⊆ GD∗.
We will need the following immediate consequence of this Lemma.
Corollary 3.13. If h : GX −→ GY is an R-homomorphism with |X | < κ, then there
exists a subgraph C ⊆ Y of size |C | < κ such that h factors through GC ⊆ GY .
Functoriality of G gives us a natural R-homomorphism
γ : R[HomGraphs(X, Y )] −→ HomR(GX,GY ) (
∑
rϕϕ 7→
∑
rϕGϕ),
where ϕ ∈ HomGraphs(X, Y ) and rϕ ∈ R.
Remark 3.14. Lemma 3.8 implies that γ is an isomorphism when both X and Y have
size < κ. Axiom A4(i) and Corollary 3.13 imply that it is enough that X has size < κ
since then
R[Hom(X, Y )] ∼= R[Hom(X, colim
C∈[Y ]
C)] ∼= colim
C∈[Y ]
R[Hom(X,C)]
colim γ
−−−−→
∼=
−→ colim
C∈[Y ]
HomR(GX,GC)
∼=
−→ HomR(GX, colim
C∈[Y ]
GC) ∼= HomR(GX,GY ).
The last arrow being an isomorphism is equivalent to Corollary 3.13.
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Lemma 3.15. Let {Si}i∈I be a diagram of sets. Let λ : R[limSi] −→ limR[Si] be
defined by the universal property of limits. If I is codirected, then λ is one-to-one and
if I is countably codirected, then λ is an isomorphism.
Proof. This is [20, Lemma 3.13], for convenience of the reader we repeat the short
proof.
Let 0 6= a =
∑
kss ∈ R[S] be an element of a free R-module R[S] with some
basis S. Let |a| denote the support of a, consisting of those s for which ks 6= 0. If
a ∈ R[limSi] then, since I is codirected, there exists an i ∈ I such that |a| projects
injectively into Si and therefore (a)λ 6= 0.
Let a = (ai) ∈ limR[Si]. If there exists a sequence in, n ∈ N, such that the
supremum of the cardinalities of |ain | is ω then, since I is countably codirected, there
exists Si0 which maps to all Sin; but then |ai0 | must be infinite, a contradiction. Let
im ∈ I be such that |aim | is largest possible. Then for each i < im the map Si −→ Sim
restricts to a bijection |ai| −→ |aim |, hence the inclusions |ai| ⊆ Si lift in a coherent
way to limi<im Si. Since the set {i | i < im} is coinitial in I, we have limi<im Si = limSi,
and therefore a is in the image of λ.
Main Theorem 3.16. If a category RC satisfies Axioms A1–A4 and contains an object
that satisfies B1–B3, then there exists a functor G from the category of graphs to RC
which induces natural isomorphisms
γ : R[HomGraphs(X, Y )]
∼=
−→ HomR(GX,GY )
Proof. We have a chain of isomorphisms
R[Hom(X, Y )] ∼= R[Hom( colim
C∈[X]<κ
C, Y )] ∼= R[ lim
C∈[X]<κ
Hom(C, Y )]
λ
−→
−→ lim
C∈[X]<κ
R[Hom(C, Y )]
lim γ
−−→ lim
C∈[X]<κ
HomR(GC,GY ) ∼=
∼= HomR( colim
C∈[X]<κ
GC,GY ) ∼= HomR(GX,GY ).
Lemma 3.15 implies that λ is an isomorphism, Remark 3.14 implies that lim γ is an
isomorphism as the limit of isomorphisms, and the last isomorphism follows from the
definition of GX .
Corollary 3.17. If R is a cotorsion-free ring with 1 6= 0, then there exists a functor
G from the category of graphs to the category of R-modules which induces natural
isomorphisms
γ : R[HomGraphs(X, Y )]
∼=
−→ HomR(GX,GY )
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Proof. This follows from Corollary 4.9. If |R| < 2ℵ0, then we may use Corollary 4.7
instead.
3.1 No countable representation exist
Our construction of the functorG starts with the category Γ whose cardinality is at least
the continuum. Its size is inherited by the values of the functor so that the cardinality
of GX is always at least the continuum, even when X is empty. Unfortunately one can
not avoid this.
Let R be a countable, cotorsion-free ring. Then free R-modules F are slender
but the product Rω of ω copies of R is not. In particular F contains no submodules
isomorphic to Rω.
Lemma 3.18. If A and B are torsion-free countable R-modules and H = HomR(A,B)
is uncountable, then H contains a copy of Rω.
Proof. Let {a1, a2, . . .} be a set of generators for A. Let Hn = {f ∈ H | (ai)f =
0 for i = 1, 2, . . . , n}. Clearly
⋂
Hn = 0. If there exists an n such that Hn = 0, then
each f in H is uniquely determined by its values on a1, a2, . . . , an hence H is countable
which is a contradiction.
Therefore there exists an infinite subsequence Hn1 ) Hn2 ) . . . ) Hnk ) . . ..
Choose a sequence of homomorphisms fk ∈ Hnk \ Hnk+1. Then every sequence s =
(sk)k<ω in R
ω defines a homomorphism fs =
∑
k fksk, since the sum is finite on every
an. If k is the least index such that sk 6= 0, then (ai)fk 6= 0 for some nk < i ≤ nk+1,
hence (ai)fs = (ai)fksk 6= 0. Therefore fs 6= 0 for a nonzero sequence s, and therefore
we obtain a submodule
∏
k<ωRfk ⊆ H .
Corollary 3.19. If G is an almost full embedding of a category of graphs into a category
of torsion-free R-modules and HomR(X, Y ) is uncountable, then either GX or GY has
to be uncountable.
Proof. IfGX andGY are both countable, torsion-freeR-modules, then HomR(GX,GY )
contains by Lemma 3.18 a copy of Rω, hence it is not free. However, G is an almost
full embedding (as in Theorem 3.16), and so HomR(GX,GY ) must be free. This shows
the corollary.
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4 Applications to particular classes of R-objects
For several applications of Main Theorem 3.16 we will consider non-trivial commutative
rings R with a distinguished countable subset S. We require that 0 /∈ S, 1 ∈ S and
st ∈ S whenever s, t ∈ S.
An R-module M is S-reduced if
⋂
s∈SMs = 0 and S-torsion-free if ms = 0, m ∈
M, s ∈ S impliesm = 0. We assume that R is an S-ring, that means it is both S-reduced
and S-torsion-free. The condition that the module M is S-reduced is equivalent to the
fact that the S-topology (generated from a basis of neighbourhoods {sR | s ∈ S} of 0 on
R) is Hausdorff. We say that R is cotorsion-free (with respect to S) if the S-completion
R̂ of R, with respect to the S-topology, satisfies HomR(R̂, R) = 0. If M is an R-
module of size < 2ℵ0 , then M is S-cotorsion-free if and only if it is S-torsion-free and
S-reduced, as shown in [13, Corollary 1.25, Vol. 1]. This definition extends naturally to
any R-algebra A, where cotorsion-freeness is defined on AR – the R-module structure
of A.
We want to apply our Main Theorem 3.16 by using various realization theorems of
algebras as endomorphism algebras of R-objects.
4.1 Application of Corner’s realization theorem
Our first application of Main Theorem 3.16 will be based on an extension of Corner’s
celebrated theorem representing all countable rings with torsion-free, reduced additive
structure as endomorphism rings of abelian groups, see [3, Theorem A].
Our Main Theorem 3.16 requires only that the R-algebra A which should produce
M is free (i.e. free as an R-module), but we obtain in addition |A | = |M |. In the case
of abelian groups of finite rank, the existence of such a pair (A,M) with rkA = rkM
and EndRM = A was (after Corner’s theorem) first a conjecture by Zassenhaus, then
answered positively in Zassenhaus [26] and extended by Butler [2] in the last century.
One of us noted in [20] that in case of abelian groups of infinite rank Corner’s original
proof can be slightly modified to provide the existence of a pair (A,M), of size 2ℵ0 ,
with A a free ring and M an abelian group as above. Since we are now working over
more general rings R and free R-algebras A, we must extend [13, Corollary 20.2, p.
534, Vol. 2].
Theorem 4.1. Let R be an S-ring of cardinality < 2ℵ0 and A a free R-algebra of rank
≤ 2ℵ0 which acts faithfully (on the right) of a free R-module C of rank λ ≤ 2ℵ0. Then
there exists a family {GX | X ⊆ λ} of S-reduced and S-torsion-free R-modules such
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that C ⊆ GX ⊆ GX′ ⊆ Ĉ for X ⊆ X
′ ⊆ λ, |GX | = |C | and, for any X,X
′ ⊆ λ,
HomR(GX , GX′) ∼=
{
A if X ⊆ X ′
0, if X 6⊆ X ′.
We leave it as an exercise to derive a similar theorem, strengthening the isomor-
phism to a topological isomorphism similar to [13, p. 532, Theorem 20.1, Vol. 2].
Also note that the theorem applies for C = A, and if C is countable, then all GX are
countable.
Proof. Let C =
⊕
i<λ eiR (and note that Theorem 4.1 follows immediately from
[13, p. 532, Theorem 20.1, Vol. 2] if λ < 2ℵ0). Since |R | < 2ℵ0 we obtain from
[13, p. 17, Theorem 1.21, Vol. 1] the existence of 2ℵ0 pure elements in R̂, which are
algebraically independent over R. We can essentially follow the arguments of the proof
of [13, p. 532, Theorem 20.1, Vol. 2], but must twice switch between R and A. By
the cardinal assumptions we can enumerate a subfamily of algebraically independent
elements wx, wc (x ∈ λ, c ∈ C) without repetition by the indexing set C ∪˙λ.
For X ⊆ λ let
HX = C +
∑
c∈C
cAwc +
∑
x∈X
Cwx and C ⊆ GX = (HX)∗ ⊆ Ĉ
where GX is the S-purification of HX , which can be expressed as GX = Ĉ ∩ S−1HX .
If X ⊆ X ′ ⊆ λ, then GX ⊆ GX′ are A-submodules and naturally
A ⊆ HomR(GX , GX′).
The key step for the proof of the theorem is the following claim.
If c ∈ C and cA is an S-pure submodule of C,
then GX ∩GXwc = cAwc. (4.2)
We only have to show that GX ∩ GXwc ⊆ cAwc. So let x ∈ GX ∩GXwc, and we may
also assume that x ∈ HX ∩HXwc. Then we can write
x = c′′ +
∑
d∈C
dwdad +
∑
x∈X
cxwx = c
′wc +
∑
d∈C
dwda
′
dwc +
∑
x∈X
c′xwxwc (4.3)
for suitable elements c, c′, c′′, cx, c
′
x ∈ C and ad, a
′
d ∈ A.
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If c =
∑
i<λ eici ∈
⊕̂
i<λ eiR = Ĉ with ci ∈ R̂, then (cw)i = ciw for w ∈ R̂, because
Ĉ is naturally an R̂-module. Now we can restrict Equation (4.3) to the components at
eiR̂ and get the following equalities for all i < λ.
0 = c′′i +((cac)i−c
′
i)wc+
∑
c 6=d∈C
(dad)iwd−
∑
d∈C
(da′d)i(wdwc)+
∑
x∈X
(cx)iwx−
∑
x∈X
(c′x)i(wxwc),
with coefficients in R and wc, wd, . . . algebraically independent over R. Thus (cac)i = c
′
i
for all i < λ and all other coefficients are 0. These equalities give cac = c
′ and (4.3)
implies x = cacwc ∈ cAwc ∩ Ĉ and so x ∈ cAwc. Hence (4.2) follows.
Now we can continue the proof of Theorem 20.1 in [13], with some simplification,
because we work with the discrete topology.
Let X,X ′ ⊆ λ and let ϕ : GX −→ GX′ be an R-homomorphism. We derive the
next claims (as in [13]).
If c ∈ C and cA is an S-pure submodule of C, then cAϕ ⊆ cA. (4.4)
In particular, we now have that, for each i < λ, there exists ai ∈ A, such that
eiϕ = eiai If i, j < λ are distinct, then (ei + ej)A is a direct summand of A. Thus, by
(4.4), there exists a′ ∈ A such that
eiai + ejaj = (ei + ej)ϕ = (ei + ej)a
′ = eia
′ + eja
′
and hence there is a ∈ A such that
eiϕ = eia for all i < λ.
Since ei’s generate C we derive that ϕ = a, which answers half of the theorem.
It remains to consider X * X ′. We choose x ∈ X \X ′. Then Awx∩HX′ = 0 which
is shown similarly to (4.2). However, cwxϕ = cawx ∈ Awx ∩HX′ for every c ∈ A, and
hence ca = 0. Consequently, a = 0 and thus ϕ = 0.
From Theorem 4.1 we derive an obvious
Corollary 4.5. If A is an R-algebra with free additive structure over an S-torsion-free
and S-reduced ring R such that |R | < 2ℵ0 , |A | ≤ 2ℵ0, then there exists an R-module
M = G∅ such that:
(i) A ∼= EndRM .
(ii) A ⊆M ⊆ Â as left A-modules.
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(iii) |M | = |A|.
We are ready to apply Main Theorem 3.16.
Axioms A1 – A4 are clear for the category of R-modules. Axiom B1 corresponds
to (i). Axiom B3 follows since the S-completion preserves monomorphisms. Axiom B2
is a consequence of (ii) and the following:
Remark 4.6. The inclusion Aϕ ⊆ A ∩Mϕ is obvious. Since A is a free R-module
and we have A ⊆ M ⊆ Â, any element m ∈ M can be uniquely written as a sum
m =
∑
σ∈I kσσ where I is a countable subset of the basis of A, kσ ∈ R, and the
sequence kσ converges to 0 in the S-topology. If ϕ ∈ Γ and mϕ ∈ A, then we have∑
σ∈I
kσσϕ = mϕ =
∑
τ
rττ
where the right sum is the standard representation of a member of A: the sum is finite,
rτ ∈ R and the τ ’s belong to the basis of A. By uniqueness the left sum can be written
as ∑
τ
(
∑
σ∈Iτ
kσ)τ
where Iτ = {σ ∈ I | σϕ = τ}. Each Iτ must be nonempty although the union of Iτ ’s
may not cover all of I. Choosing representatives στ ∈ Iτ we obtain
mϕ =
∑
τ
rτστϕ = (
∑
τ
rτστ )ϕ
which implies the inclusion Aϕ ⊇ A ∩Mϕ and therefore it verifies the second part of
Axiom B2.
As a consequence we obtain
Corollary 4.7. Let R be any reduced commutative ring of cardinality less than the
continuum and whose additive group is torsion-free. Then there exists an almost full
embedding of the category of graphs into the category of R-modules.
4.2 Application of Shelah’s Black Box
The following theorem was derived in [4] by application of Shelah’s Black Box (stated
and proved in the appendix of [4], for a more recent proof see also [13, The General
Black Box 19.23, p. 508 and Theorem 20.42, p. 565, Vol. 2]).
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Theorem 4.8. Let A be an R-algebra, |R| < κ, with AR S-cotorsion-free. Moreover,
suppose that |A| ≤ κ and λℵ0 = λκ. Then there are S-cotorsion-free R-submodules GX
of G = Gλℵ0 of cardinality λ
ℵ0 for all X ⊆ λℵ0 such that the following holds.
HomR(GX , GX′) ∼=
{
A, if X ⊆ X ′
0, if X 6⊆ X ′
Next we apply our Main Theorem 3.16, suppose that |R | < κ and choose for the
full subcategory Γ all isomorphism classes of graphs of size < κ and let A be the free
R-algebra as in Section 2. Assuming that R is cotorsion-free, it is immediate that
also A is cotorsion-free of cardinality < κ. For any cardinal λ with λℵ0 = λκ we
find by Theorem 4.8 a cotorsion-free R-module M = G∅ of size |M | = λ
ℵ0. From
the construction it is also immediate that M is sandwiched as F ⊆ M ⊆∗ F̂ , where
M ⊆∗ F̂ denotes a pure subgroup and F =
⊕
α<λ eαA is a free A-module, thus a free
R-module, and F̂ is the S-completion of F such that EndRM = A. Now we assume
the mild condition that κℵ0 = κ (mainly saying that κ ≥ 2ℵ0) and check the axiomatic
assumption of Theorem 3.16. Axiom B1 is clear. Since the inclusion A ⊆ Â is an
A-retract of F ⊆ F̂ an argument as in Remark 4.6 implies Axiom B2. Axiom B3 needs
an easy consideration. By definition of M it follows that idC ∈ A for any C ∈ Γ, and
if ϕ : C −→ D is a monomorphism, then ϕ = a ∈ A for some a ∈ A acts by scalar
multiplication on M . This is uniquely defined on F and extends canonically to M .
Now it is clear that a ↾M idC is also a monomorphism. Thus Theorem 3.16 applies
and we obtain the following
Corollary 4.9. Let R be a cotorsion-free S-ring of size < κ and κ = κℵ0. Then there
is an almost full embedding of the category of graphs into the category of R-modules.
It is interesting to note that the above R-module M over a countable, principal
ideal domain is also ℵ1-free, i.e. all its countably generated submodules are free. (This
is immediate from the construction of M using a support argument and Pontryagin’s
theorem, that countably generated R-modules are free if all submodules of finite rank
are free, see [7].) Thus the functor obtained in Corollary 4.9 takes values in ℵ1-free
R-modules.
The notion ℵ1-freeness can be generalized to more general algebras (circumventing
also Pontryagin’s theorem).
An A-module M is κ-free if there is a family C of S-pure A-submodules of M
satisfying the following conditions.
(i) Every element of C is a < κ generated free A-submodule of M .
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(ii) Every subset of M of cardinality < κ is contained in an element of C.
(iii) C is closed under unions of well-ordered chains of length < κ.
We say that C is < κ-closed. This definition applies for regular cardinals, in particular
for κ = ℵn, which is the case we are interested in. Exploiting the ℵ1-freeness from the
Black Box construction, just mentioned, after some more lengthy calculation in [14] we
obtain the following stronger result which can be applied for the embedding of graphs.
Theorem 4.10. If R is a cotorsion-free S-ring and A an R-algebra with free R-module
AR, |A | < µ, k < ω and λ = i
+
k (µ), then we can construct an ℵk-free A-module G of
cardinality λ with R-endomorphism algebra EndRG = A.
Here λ is obtained inductively. Let |A | < µ = µ|A |, put i+0 (µ) = µ and i
+
n+1(µ) =
(2i
+
n (µ))+ which is the successor cardinal of the power set of i+n (µ). In a recent paper
Herden [15] is able to replace i+k (µ) by ik(µ), where inductively i0(µ) = µ and
in+1(µ) = 2in(µ).
Thus we obtain the following stronger embedding theorem.
Corollary 4.11. If k is any natural number, R is a cotorsion-free S-ring, then there
is an almost full embedding of the category of graphs into the category of ℵk-free R-
modules.
4.3 Application of Shelah’s Elevator
In this section we will first show the existence of an almost full embedding of graphs into
the category of R4-modules, where R is any ring, possibly the field F2 with 2 elements.
Recall the following well-known definition from representation theory of algebras, see
e.g. [13, p. 603, Theorem 22.8, Vol. 2].
Definition 4.12. R4-Mod denotes the category of R–modulesM with 4 distinguished
submodules M = (M,Mk : k < 4). We will also write M = (M,M0,M1,M2,M3).
Call M as above an R4–module. Also recall that the homomorphisms between two
R4–modules M,M
′ must respect their distinguished submodules Mk,M ′k, thus we
define
HomR(M,M
′) = HomR
(
M,M ′;Mk,M ′κ | k < 4
)
=
{
σ ∈ HomR(M,M
′) : Mkσ ⊆M ′k for all k < 4
}
.
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We quickly note, that 4 in the next results is also minimal. E.g. R3-modules over
a field R are of finite representation type, hence infinite dimensional R3-vector spaces
will decompose, as follows from [22, 24]
Using the Shelah Elevator (see [13, p. 515, Theorem 19.29, Vol. 2]) the following
theorem was shown in [10] (see also [13, p. 603, Corollary 22.10, Vol. 2]).
Theorem 4.13. Let R 6= 0 be a commutative ring, λ any infinite cardinal, and A
an R–algebra which is generated by no more than λ elements. Embed A in EndRM
by scalar multiplication, where M =
⊕
λA. Then there exists an R4–module M =
(M,M0,M1,M2,M3) with A = EndRM, where EndRM = {ϕ ∈ EndRM : M
kϕ ⊆
Mk for k < 4}. All modules Mk,M/Mk are A-free of rank λ.
The categories of R4-modules over any commutative ring R 6= 0 satisfy the axioms
from Section 2 and are important examples of RC categories , where B1, B2 and B3 are
a consequence of Theorem 4.13. Thus Theorem 3.16 applies and we get the following
Corollary 4.14. If R 6= 0 is any ring, there is an almost full embedding of the category
of graphs into the category of R4-modules. This also holds, when R = {0, 1}.
This result also gives an immediate almost full embedding of graphs into the cat-
egory of R-modules, if we assume that R has at least 4 comaximal primes p with⋂
n<ω p
nR = 0. In this case we obtain a realization theorem for R-algebras as Theo-
rem 4.8 (replacing cotorsion-free by being p-reduced for four primes), see [13, p. 639,
Corollary 23.6, Vol. 2]. Thus a corresponding embedding corollary will hold.
Corollary 4.15. Let R be a commutative ring with 4 comaximal primes p such that⋂
n<ω p
nR = 0. Then there is an almost full embedding of the category of graphs into
the category of R-modules.
4.4 An Appendix on Absolute Constructions
The following (large) strongly inaccessible cardinal is closely related to absolute prop-
erties, see also [16] for the definition.
Definition 4.16. Let κ(ω) denote the first ω-Erdo˝s cardinal. This is defined as the
smallest cardinal κ such that κ −→ (ω)<ω, i.e. for every function f from the finite
subsets of κ to 2 there exist an infinite subset X ⊂ κ and a function g : ω −→ 2 such
that f(Y ) = g(|Y |) for all finite subsets Y of X .
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Shelah in 1982 characterized this cardinal showing the existence of certain tree-
embeddings if and only their cardinalities are bounded by κ(ω), we refer to [23] for the
proofs. The key of his proof is a construction of absolute objects which do not depend
on generic extension of the given universe of set theory. This was exploited, using [23]
and [21], in [5] and shifted to graphs, adding the absoluteness condition to the known
result on graphs.
Proposition 4.17. IfM is a monoid, then there exists a graph G with an isomorphism
EndG ∼= M between the endomorphism monoid End(G) and M which holds absolutely,
so is remains an isomorphism in any in any generic extension of the given universe of
set theory if and only if |M | , |G | < κ(ω).
Thus it is reasonable for problems concerning absolute properties of graphs to re-
strict to objects of size < κ(ω). Fortunately we have a parallel result on absolute
R4-modules derived from [12, 9]; see details in [13, Chapter 22, Vol. 2], which matches
to graphs of size < κ(ω).
Corollary 4.18. Let λ < κ(ω) be any infinite cardinal and A any faithful algebra over
a commutative ring R 6= 0, such that A has fewer than λ generators. Then there exists
a family of free right A4-modules
MU = (MU ,M
0
U ,M
1
U ,M
2
U ,M
3
U) (U ⊆ λ),
where M,M jU ,M/M
j
U are free A-modules of rank λ for all 0 ≤ j ≤ 3, such that
HomR(MU ,MV ) =
{
A, if U ⊆ V
0, if U 6⊆ V
holds in any generic extension of the universe.
By the above it is now clear that the absolute R4-modules of size < κ(ω) satisfy
our axioms from Section 2. Hence, combining our knowledge on absolute graphs and
absolute R4-modules we derive a final embedding theorem for graphs of size < κ(ω).
We say that a graph is absolute, if its endomorphism monoid remains the same in any
generic extension of the universe. Similarly we say that an R4-module M is absolute,
if EndRM remains the same in any generic extension of the universe.
Corollary 4.19. Let R 6= 0 be any ring of size < κ(ω). Then there is an almost
full embedding of the category of absolute graphs < κ(ω) into the category of absolute
R4-modules.
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